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Abstract 
A strong analogy exists between heat exchangers and osmotic mass exchangers. The 
effectiveness - number of transfer units (-NTU) method is well-known for the sizing and 
rating of heat exchangers. A similar method, called the effectiveness - mass transfer units 
(ε-MTU) method, is developed for reverse osmosis (RO) mass exchangers. Governing 
equations for an RO mass exchanger are nondimensionalized assuming ideal membrane 
characteristics and a linearized form of the osmotic pressure function for seawater. A 
closed form solution is found which relates three dimensionless groups: the number of 
mass transfer units, which is an effective size of the exchanger; a pressure ratio, which 
relates osmotic and hydraulic pressures; and the recovery ratio, which is the ratio of 
permeate to inlet feed flow rates. A novel performance parameter, the effectiveness of an 
RO exchanger, is defined as a ratio of the recovery ratio to the maximum recovery ratio. 
A one-dimensional numerical model is developed to correct for the effects of feed-side 
external concentration polarization and nonlinearities in osmotic pressure as a function of 
salinity. A comparison of model results to experimental data found in the literature 
resulted in an average error of less than 7.8%. The analytical ε-MTU model can be used 
for design or performance evaluation of RO membrane mass exchangers. 
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Nomenclature 
A water permeability coefficient kg m
-2
 s
-1
 kPa
-1
 
Am total membrane surface area m
2
 
b molality – moles of solutes per kilogram of solvent mol kg-1 
C modified van ’t Hoff coefficient kPa kg g-1 
c molarity - moles of the solute per cubic meter of 
solvent 
mol m
-3
 
D mass diffusivity m
2
 s
-1
 
h half feed channel height m 
i the van ’t Hoff factor  
k mass transfer coefficient m s
-1
 
M molar mass kg mol
-1
 
m  mass flow rate kg s-1 
P pressure kPa 
R ideal gas constant kJ mol
-1
 K
-1 
Re Reynolds number  
Sc Schmidt number  
T temperature °C or K 
w salinity - grams of solutes per kilogram of solution g kg
-1
 
   
Greek symbols  
 
correction factor for concentration polarization and 
nonlinearity in osmotic pressure 
 
 effectiveness  
  constant for determining osmotic coefficient (Eq. A.8)  
  constant for determining osmotic coefficient (Eq. A.8)  
 osmotic pressure kPa 
 density kg m
-3
 
 osmotic coefficient  
 kinematic viscosity m
2
 s
-1
 
 Lambert or omega function  
 
Subscripts 
 
c cold  
f feed  
h hot  
in inlet  
j j
th
 solute in a solution  
max maximum  
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out outlet  
p permeate  
pure refers to pure water 
recipe corresponds to a reference of seawater constituents 
s salt 
sat saturated state 
 
Superscripts 
 
’ modified value 
’’ per unit area, flux m-2 
 
Abbreviations 
 
CP concentration polarization  
MTU number of mass transfer units  
NTU number of transfer units  
RO reverse osmosis  
RR recovery ratio  
SR osmotic pressure ratio  
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Introduction 
Many transport theories have been developed for reverse osmosis (RO) which 
describe the local transport of the pure water and solutes through a zero-dimensional 
membrane. However, because the feed stream becomes more concentrated along the 
length of the membrane, the local driving potential for water flux changes along the 
length as well. This indicates that the driving potential should be integrated over the 
membrane area in the streamwise dimension to more accurately determine the 
performance of the RO exchanger. 
Mathematical models for the mass transport process through RO membranes have 
been developed and reviewed in detail in the literature [1-11]. These models can be 
divided into three main groups: the irreversible thermodynamic models, where the local 
fluxes of solute and solvent are related to the chemical potential differences across the 
membrane [12-14]; the porous flow model, which assumes that water both diffuses and 
advects through the membrane pores [1, 15, 16]; and the solution-diffusion model, which 
assumes that both water and solutes diffuse between the interstitial spaces of the 
membrane polymer chains [11, 17, 18].  
The solution-diffusion model, developed by Lonsdale, Merten, and Riley in 1965 
[17], is one of the most useful models despite its simplicity and some drawbacks that 
have been discussed elsewhere [6, 18, 19]. Much research has been conducted on the 
physics of the solution-diffusion model [7, 18, 20-22] and many numerical studies have 
been applied to account for the more complex effects of concentration polarization, salt 
diffusion, and fouling [23-27]. Other studies have applied the solution-diffusion model 
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for the design of RO modules such as spiral wound, hollow fiber, and crossflow long 
channels [25, 28-33]. The solution-diffusion model has also been used together with 
relevant conservation laws to optimize the operation of RO systems and minimize the 
specific power consumption and cost of a plant [34-43]. 
Song and Tay [33] developed an analytical model of an RO exchanger based on the 
solution-diffusion model for transport across the membrane and conservation laws for a 
crossflow configuration; osmotic pressure was linearized, zero salt passage assumed, and 
hydraulic losses were neglected. They found good agreement with experiments that they 
performed as well. The present work builds from a similar approach, but organizes the 
dimensional analysis into a clear framework that is analogous to that used for heat 
exchanger rating and design as has been done for other osmotic mass exchangers [44].  
Additionally, the present formulation better separates the physical variables and considers 
the effects of concentration polarization and the nonlinearity in osmotic pressure, both of 
which become significant when considering feed waters that are more saline than 
brackish water. Finally, the model is compared to a number of published datasets. 
1. Analogy to a Heat Exchanger 
 
An RO mass exchanger is a single-stream osmotic mass exchanger and is analogous 
to a single-stream heat exchanger. A single-stream exchanger is one in which the 
temperature or osmotic pressure of only one stream changes in the exchanger. In the heat 
exchanger shown in Fig. 1a, the temperature difference between hot steam and cold fluid 
is the driving potential for a differential amount of heat transfer. The resistance to heat 
flow per unit area is the reciprocal of the overall heat transfer coefficient, U. The 
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exchanger shown here has a fixed hot-side temperature throughout the length of the 
exchanger, e.g., as it might in a condensation process. 
The analogous system for an osmotic mass exchanger is the RO system shown in Fig. 
1b. A saline feed solution with an osmotic pressure and a fixed high hydraulic pressure 
enters the left side of the exchanger. Along the length of the exchanger, permeate is 
forced through an ideal (zero salt passage) semi-permeable membrane, leaving the salts 
behind. At the exit of the exchanger, the feed is recovered as concentrated brine and the 
product is recovered as the accumulated amount of pure permeate. The driving potential 
for mass transfer is the difference in hydraulic and osmotic pressures. The resistance to 
the mass transfer per unit area is the reciprocal of the water permeability coefficient, A. 
In heat exchangers, the effectiveness - number of transfer units (ε-NTU) method 
developed by Kays and London [45] is a well-known design tool which can either 
determine the required surface area of a heat exchanger for a fixed effectiveness and inlet 
conditions or determine the performance of the exchanger given the operating conditions 
and surface area. The method uses three dimensionless groups: the effectiveness, which is 
the ratio of actual heat exchange to the maximum heat exchange possible; a heat capacity 
rate ratio, which is the heat capacity rate of the minimum capacity rate stream divided by 
that of the maximum capacity rate stream; and the number of transfer units, which is an 
effective size of the heat exchanger. This paper develops an effectiveness - mass transfer 
units (ε-MTU) method for a crossflow reverse osmosis mass exchanger.  
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2. Analytical Model for an RO Mass Exchanger 
Figure 2 is a schematic drawing of a crossflow osmotic mass exchanger operating in 
the RO mode. A feed solution with a high salt concentration flows through a channel 
alongside a semi-permeable membrane. The bulk hydraulic pressure difference (P) is 
greater than the bulk osmotic pressure difference () across the membrane, so that water 
flows from the feed side to the permeate side. The inlet conditions of the feed stream are 
given as the mass flow rate, hydraulic pressure, and osmotic pressure (which is a function 
of the local stream salinity in the bulk) as indicated in Fig. 2. The total membrane area Am 
and water permeability coefficient A of the membrane material are also given. The model 
makes the following assumptions: 
 The water permeability coefficient (A) is constant and is independent of inlet feed 
salinity. 
 Concentration polarization (CP) effects are incorporated via use of a 
dimensionless correction factor. 
 Hydraulic pressure drop along the length of each flow channel is negligible, so 
that the applied pressure difference between the channels remains constant. 
 Salt rejection is 100%, so that only pure water diffuses through the membrane. 
This is a reasonable assumption when one considers the high salt rejection 
currently found in commercial RO membranes [46]. 
 The osmotic pressure of a stream follows van ’t Hoff’s equation so that it is 
linearly proportional to the local feed-side salt concentration.
2
  
                                                 
2
 Nonlinearities are ignored in the initial development but are then included in a subsequent section as part 
of a more rigorous analysis. 
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The permeate flow rate through a differential area of membrane is given by: 
  ̇   (      )    (1) 
where  ̇  is the permeate mass flow rate through the membrane [kg/s]; A is the mass-
based water permeability coefficient
3
 of the membrane [kg/m
2
-s-kPa];    is the bulk 
hydraulic pressure difference between the feed and permeate (     ) [kPa];    is the 
local bulk osmotic pressure difference between the feed and permeate (     ) [kPa]; 
and Am is the membrane surface area [m
2
]. β is a streamwise average dimensionless 
correction factor which can account for concentration polarization effects and also, as 
seen later, nonlinearities in the osmotic pressure function. When neither effect is present, 
β = 1. 
Using van ’t Hoff’s equation for osmotic pressure 
          (     )  (2) 
where w is the bulk stream salinity (mass of solutes per unit mass of solution) [g/kg] and 
C is a modified van ’t Hoff coefficient [kPa-kg/g] (see Appendix Section A.1; 
nonlinearities in osmotic pressure are considered in detail in a later section). Therefore,  
  ̇   [      (     )]     (3) 
Conservation of solutes is applied for the feed side between the inlet and an arbitrary 
location along the flow channel: 
 ̇     ̇            ̇      (4) 
                                                 
3
 The water permeability coefficient (A) is often given in units of m/s-bar or L/m2-hr-bar [12], which is the 
permeate water volume flux per unit pressure difference; however, for the present model, we express this 
coefficient on a mass basis (equivalent to multiplying it by the density of pure water and some SI 
conversion factors). 
 9 
At the same arbitrary location, conservation of mass requires that 
 ̇      ̇   ̇   (5) 
Substitution of Eq. (5) into Eq. (4) yields 
   
 ̇          
 ̇      ̇ 
  (6) 
Under the assumed condition of 100% salt rejection, only pure water permeates though 
the membrane; hence the salinity and osmotic pressure of the permeate are zeros. 
Substituting Eq. (6) into Eq. (3) and setting wp = 0  yields 
  ̇   [    ( 
 ̇          
 ̇      ̇ 
)]      (7) 
We now proceed to cast Eq. (7) in a dimensionless form. Three dimensionless parameters 
are introduced for this purpose. 
 
Recovery ratio, RR 
   
 ̇ 
 ̇    
  (8) 
The recovery ratio is a primary performance metric of an RO mass exchanger as it 
represents the amount of pure water recovered from the feed stream. In so far as the inlet 
mass flow rate is greater than the maximum amount of permeate that can be recovered, 
the recovery ratio should not be confused with the effectiveness which will be described 
in the next section. 
 
Osmotic pressure ratio, SR 
    
     
  
 (9) 
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The osmotic pressure ratio is the ratio of the osmotic pressure at the feed inlet to the 
trans-membrane hydraulic pressure difference. This ratio should always be less than one 
since the hydraulic pressure difference must be greater than the feed osmotic pressure 
during RO operation. 
 
Mass Transfer Units, MTU 
    
     
 ̇    
  (10) 
The number of mass transfer units (MTU) is a dimensionless parameter for a membrane 
mass exchanger similar to the number of transfer units (NTU) used in heat exchanger 
design. The total membrane area, Am, is analogous to the total heat exchanger surface 
area; and A is the water permeability coefficient, which is analogous to the overall heat 
transfer coefficient in heat exchangers. The MTU parameter in this membrane-based 
mass exchanger plays the same role that NTU plays in -NTU analysis of heat 
exchangers. 
 
Dividing Eq. (7) by m f ,in  and substituting Eqs. (8-10) yields 
    (  
     
    
)       (11) 
With the boundary condition that        when        (at the inlet), Eq. (11) can be 
integrated to give the mass transfer units MTU as follows 
          
    (
   
   
   
      
)  (12) 
where fRS   is a modified osmotic pressure ratio defined as  
   
         (13) 
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Alternatively, an explicit solution for the recovery ratio can be obtained from Eq. (12) as 
follows 
        
     
  [(
     
 
   
 )    (
     
     
   
 )] (14) 
where  is the Lambert, or omega, function in which ω(x) is the solution to x = ωeω . 
Equation (12) can be used to calculate the required mass transfer units (hence the 
effective membrane surface area) of an RO mass exchanger since it is an explicit relation 
of the form 
     (        ) (15) 
Figure 3 shows the variation of the recovery ratio RR with mass transfer units MTU 
for varying osmotic pressure ratios at a temperature of 25
 
°C and neglecting the effects of 
concentration polarization and the nonlinearity of osmotic pressure (i.e., assuming   
 ). It is clear from Eq. (15) and from the asymptotic nature of the osmotic pressure ratio 
contours in Fig. 3 that the three dimensionless parameters are similar to effectiveness-
NTU representations of heat exchangers in which NTU is a function of the effectiveness 
and the heat capacity rate ratio. However, additional derivation is needed to reach a 
parameter analogous to effectiveness. This will be developed in the next section. 
3. RO Effectiveness 
The effectiveness of the RO system can be defined as the ratio of the permeate flow 
rate actually achieved by an exchanger of a given size to the maximum possible permeate 
flow rate for a given hydraulic pressure and inlet osmotic pressure. The effectiveness, so 
defined, is the same as the ratio of the actual recovery ratio to the maximum possible 
recovery ratio. This definition is evident in Fig. 3, where the recovery ratio reaches a 
 12 
maximum value for a given osmotic pressure ratio as the MTU becomes large. The 
exchanger effectiveness approaches one in this thermodynamic limit. 
In the present section, we wish to derive a relation for the maximum recovery ratio in 
order to write an equation for the effectiveness. We note that the maximum permeate 
flow rate will be reached when the osmotic pressure difference between the feed and 
permeate rises to the point that the net driving potential (      ) equals zero at the 
outlet of the membrane channel. From Eq. (1), this fixes the outlet osmotic pressure 
               (16) 
The relation between the inlet and outlet osmotic pressure can be obtained using 
conservation of solution and solute on the feed stream as follows 
       
     
    
 (17) 
Substituting Eq. (16) into Eq. (17), the following relation for the maximum recovery ratio 
is obtained 
           
  (18) 
Equation (18) gives the maximum recovery ratio as a function of the osmotic pressure 
ratio. Now, the effectiveness is defined as 
  
  
     
  (19) 
Substituting Eq. (18) and (19) into Eq. (12), an expression for MTU as a function of the 
effectiveness can be obtained as given in Eq. (20): 
     (     
 )     
   (   )  (20) 
Figure 4 shows the variation of effectiveness with the mass transfer units for contours of 
osmotic pressure ratio where β = 1. It may be observed that for small values of MTU, the 
effectiveness is approximately equal to MTU. This result can be found mathematically 
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from Eq. (20) by noting that   (   )     for small values of . The result can also be 
found, as shown in Eq. (21), by substituting the integrated form of the zero-dimensional 
transport equation, Eq. (1), along with Eq. (18) into Eq. (19) while noting that          
for a zero-dimensional exchanger with pure permeate:  
          
                  
     
 
    (      )
 ̇    (   
     
  
)
     (21) 
This is analogous to the well-known limit for heat exchangers where the effectiveness is 
equal to NTU as NTU approaches zero [47]. 
4. Determination of β via Numerical Model 
The analytical solution given by Eqs. (12, 14, and 20) assumes a linear relationship 
between osmotic pressure and salinity. This assumption is acceptable for relatively dilute 
solutions, but for a high salinity feed the relationship between the osmotic pressure and 
salinity is somewhat nonlinear (See Appendix A.2). The analytical expressions also use a 
dimensionless parameter, , to correct for deviations in performance resulting from feed-
side external concentration polarization. In this section, a numerical model of a one-
dimensional reverse osmosis mass exchanger is developed using a nonlinear function for 
the osmotic pressure, so as to determine the value of  for representative values of RO 
operation. The model applies a discretized form of the transport equation in one-
dimension, and conservation of solutes and solvent to N membrane elements in series. 
The zero-dimensional transport equation used in the numerical model, Eq. (22), assumes 
that the permeate stream is pure and includes a feed-side external concentration 
polarization modulus where k is the mass transfer coefficient in m/s [25, 48]. 
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 ̇   [        (
 ̇ 
       
)]    (22) 
The equations comprised by the numerical model were solved using Engineering 
Equation Solver [49], a simultaneous equation solver which iteratively solves sets of 
coupled nonlinear algebraic equations. The number of elements (differential control 
volumes) was increased to 50 at which point the results were seen to be grid independent. 
The total amount of permeate was calculated by numerically integrating the permeate 
mass flow rate produced by all elements. The development of the nonlinear osmotic 
pressure function used in this numerical model is given in the Appendix.  
The numerical model is used to determine the deviations in the analytical model 
which result from the effects of concentration polarization and the use of a linearized 
osmotic pressure function. It is also used to determine representative values of β. All 
other assumptions made for the analytical model are also made for the numerical model. 
An additional assumption is that the RO membranes can withstand arbitrary net driving 
pressures. Two cases are considered and presented graphically: a brackish water case, 
        g/kg; and a seawater case,          g/kg. Two additional salinities are 
considered for calculating : a concentrated wastewater stream,          g/kg; and a 
concentrated seawater stream,          g/kg.  
The input parameters for the numerical calculation are given in Table 1. The water 
permeability coefficient used is representative of a typical spiral wound seawater 
membrane [46]. Mass transfer coefficients are highly dependent on the spacer geometry 
unique to each RO membrane module used. A representative value of the mass transfer 
coefficient for a spiral wound RO module was found to be k = 3×10
-5
 m/s using 
parameters found in [23]. To produce a representative k it is assumed that the flow within 
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the feed channel is fully developed and k was held at a constant [average] value 
throughout the length of the exchanger. A ten percent increase or decrease in k yielded a 
maximum deviation in recovery ratio of about 4.5% for the concentrated seawater case, 
wf, in = 45 g/kg, where SRf = 0.3 and MTU << 1. 
Values of  for each of the four inlet salinities are determined by equating the 
analytical and numerical model recovery ratios and solving for β. For brackish and 
seawater feed salinities, β is plotted versus MTU for contours of osmotic pressure ratio as 
shown in Figs. 5 and 6. Tables 2 – 5 display β for all four salinities as a function of SRf 
and MTU using inputs given in Table 1. For seawater and concentrated seawater feed 
salinities, the recovery ratios would yield unphysical conditions for SRf = 0.1 and 0.2, so 
these cases are excluded. In certain cases, β may be less than unity because of the 
deviation in the linear and nonlinear osmotic pressure.  
To determine the effectiveness from the numerical model, we once again note that the 
maximum recovery ratio, RRmax, is achieved when the equality from Eq. (16) holds. 
Applying conservation of solutes and solution to the feed stream yields the following 
expression: 
        
     
        
  (23) 
The maximum outlet salinity,          , is determined by Eq. (16) of which the osmotic 
pressure at the outlet,       , is a function. The effectiveness can now be determined by 
Eq. (17) using the maximum recovery ratio defined by Eq. (23). 
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5. Effect of Osmotic Pressure Nonlinearity and Concentration 
Polarization 
In this section, we use the analytical and numerical models to show the effects of 
concentration polarization and nonlinearity in the osmotic pressure function.  
a. Osmotic Pressure Nonlinearity 
We first examine the deviation of the model’s predictions for recovery ratio and 
effectiveness resulting from nonlinearity in osmotic pressure. For this comparison, the 
exponential concentration polarization modulus is not included in the numerical solution. 
Figure 7 shows the recovery ratio versus mass transfer units for varying osmotic pressure 
ratios. The black solid lines are the same curves displayed in Fig. 3, and the circles and 
triangles are for the brackish water and seawater cases using the nonlinear function for 
osmotic pressure. As shown in Fig. 7, the maximum deviation of the analytical result 
from the seawater numerical result is about 6.9% for SRf = 0.3. This is because for a high 
salinity feed stream (i.e., the seawater case), and at higher recovery ratio (RR = 0.65 at 
this large deviation), the exit brine has a very high salinity, hence the actual osmotic 
pressure deviates significantly from the linear model. Because the actual osmotic pressure 
is higher than the linearized pressure at high salinities (see Fig. A1 in Appendix), the 
amount of permeate is reduced and the maximum achievable recovery ratio declines. The 
maximum recovery ratio achievable also decreases when the nonlinear osmotic pressure 
is applied because the thermodynamic performance limit is a function of the outlet feed 
salinity. These linearization errors may be reduced by using a modified van’t Hoff 
coefficient fitted to the osmotic pressure range of interest.  
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Deviations in recovery ratio for the brackish water case do not exceed 2% from the 
analytical model. This is because the osmotic pressure is nearly linear with salinity for 
low salinity feeds such as brackish water and municipal wastewater. 
Figure 8 shows the effectiveness as a function of MTU varying with osmotic pressure 
ratios for both the analytical and numerical cases. Again it is found that the greatest 
deviation associated with linearization is for high salinity feed solutions and low osmotic 
pressure ratios. For the seawater case, a maximum deviation of 6.5% was found for an 
osmotic pressure ratio of 0.3. For the brackish water case, a maximum deviation of 1% 
was found. 
 
b. Concentration Polarization 
Figure 9 displays the recovery ratio versus MTU for brackish water, wf, in = 5 g/kg, 
and 4 cases of mass transfer coefficient: k = 3x10-6, 3x10-5, 3x10-4 m/s, and     m/s. 
The fourth case (   ) represents a system that has no concentration polarization but 
which includes the effect of osmotic pressure nonlinearity. Figure 9 shows that smaller 
values of k and SRf exacerbate the effect of concentration polarization on performance. 
Nondimensionalizing the exponential CP modulus from Eq. (22) for a zero-dimensional 
exchanger predicts this effect: 
   (
 ̇ 
       
)     (
  
   
 
   
      
    
) (24) 
Looking at Eq. (24), we would expect that a higher feed salinity, i.e. higher inlet feed 
osmotic pressure, would likewise lead to a greater reduction in performance due to CP 
effects.  
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Figure 10 displays the recovery ratio versus MTU for 4 cases of k for a seawater feed 
salinity, wf, in = 35 g/kg. Comparing Figs. 9 and 10, it can be seen that the brackish water 
case experiences less performance reduction due to concentration polarization than in the 
seawater case. Also, both figures show that for the membrane permeability coefficient 
chosen, a mass transfer coefficient less than 3x10-5 m/s can lead to a steep reduction in 
attainable performance. Finally, both figures illustrate how the presence of CP requires 
more membrane area to achieve the same recovery ratio attainable with an ideal RO 
exchanger without CP. For example, the maximum recovery ratio is 0.47 at MTU = 5 for 
the seawater SRf = 0.5 and k = 3 x10
-5
 m/s contour whereas the RO exchanger without 
CP, represented by the     contour, achieves the same recovery ratio at MTU = 3.23. 
Calculating the membrane area required using the parameters from Table 1, CP effects 
result in an increase from 173 m
2 
to 268 m
2
, a nearly 55% increase. 
 
6. Comparison to Literature Data 
In order to validate the present work, we compare the numerical model results to 
experimental data collected by [33, 50-52]. In these experiments, a solution of sodium 
chloride is used as the feed solution. The mass transfer coefficient for each experimental 
run is calculated by [25]: 
                       
 
 
   (25) 
For simplicity, the mass transfer coefficient is considered to be an average value and is 
held as constant throughout the exchanger. The average Reynolds number is calculated 
as: 
   
   ̇     
        
   (26) 
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In the above equations, h is half of the feed channel height, the Schmidt number Sc is the 
mass diffusivity D divided by the kinematic viscosity ν  and Ac is the feed channel cross 
sectional area (membrane width times feed channel height). In some cases the membrane 
width was determined by dividing the membrane area Am by the membrane length. The 
osmotic pressure for aqueous NaCl was calculated from Eq. (A.4) with the osmotic 
coefficient ϕ provided by [53].  
 Figure 11 shows the measured recovery ratio versus the calculated recovery ratio 
using the present numerical model. It is apparent that the model predicts some data sets 
better than others. The data for which the model shows good agreement are: Van Wagner 
et al. [50], who used NaCl and coupon sized membranes; Song et al. [33], who used NaCl 
and spiral wound RO modules; and the low salt passage data from Prabhakar et al. [51] 
data, who used NaCl and two different cellulose acetate membranes one of which had 
low salt passage (SP) (~10%) and another which had high SP (~50%). Salt passage is 
defined as the ratio of the module outlet product salinity to the inlet feed salinity. Data 
which the model does not predict well were those associated with high SP membranes 
[51] because salt passage was not included in the present model. It must also be noted 
that a membrane length was not reported in [51]; however, applying several guessed 
values spanning from 0.1 m to 10 m resulted in less than 1.3% change in mean error. 
The maximum and mean error across all data, with the exception of the high salt 
passage data [51], is 29.3% and 7.8%, respectively. The range of independent variables 
spanned by the validation is: 6.35E-4 < MTU < 1.78; 5.21x10
-4
 < RR < 0.96; 0.0105 < 
SRf < 0.416; 1.19x10
-6
 < k [m/s] < 1.81x10
-4
; 1.0 < β < 1.93. The average k value 
calculated across all data sets was 1.93x10
-5
 m/s. 
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7. Conclusions 
The major conclusions of this paper are as follows: 
 A closed form analytical solution for a one-dimensional reverse osmosis mass 
exchanger was developed. The equation expresses the recovery ratio of the 
membrane as a function of two dimensionless groups: the osmotic pressure ratio 
and the number of mass transfer units. A correction factor is introduced into the 
model to allow for the effects of concentration polarization and nonlinearity in the 
osmotic pressure as a function of salinity. 
 A robust analogy exists between heat exchangers and osmotic mass exchangers in 
which the effectiveness can be expressed by four dimensionless groups. This 
novel -MTU model developed for the osmotic mass exchanger can be used to 
size or rate RO systems. 
 The present model can be used to quantify the effects of feed-side external 
concentration polarization and nonlinearity in the osmotic pressure function on 
recovery ratio. The model can be used to estimate the amount of additional 
membrane area required to provide the same recovery ratio achievable by an ideal 
RO exchanger, provided the recovery ratio is at or equal to the maximum 
recovery ratio attainable by the exchanger. 
 A mean error of 7.8% was found by comparing sets of experimentally obtained 
recovery ratios from appropriate literature sources and recovery ratios calculated 
from the present model. 
 21 
Acknowledgments 
The authors would like to thank King Fahd University of Petroleum and Minerals in 
Dhahran, Saudi Arabia, for funding the research reported in this paper through the Center 
for Clean Water and Clean Energy at MIT and KFUPM.
 22 
Appendix 
A.1 Modified van ’t Hoff Coefficient 
The van ’t Hoff equation [53] applies to dilute, ideal solutions and is given as: 
  𝑖  𝑐 (A.1) 
where i is the van ’t Hoff factor, R is the universal gas constant, T is the absolute 
temperature, and c is the molarity of the solution with units of mol solvent/m
3
 solution. 
Molarity can be expressed as a function of salinity, the density of the solution, and the 
molecular weight of the solute in units of g/mol: 
𝑐  
          
       
 (A.2) 
Because the van ’t Hoff equation assumes a dilute solution, the density in Eq. (A.2) is 
approximated as that of pure water. Substituting this expression for molarity into the  
van ’t Hoff equation Eq. (A.1), we can now define a modified van ’t Hoff coefficient, C, 
to linearize the osmotic pressure function: 
  
        
       
     (A.3) 
Using a least squares method, the modified van ’t Hoff coefficient (C) is determined to be 
73.45 kPa-kg/g at T 25oC for a solution in which the solutes are in the same mass 
proportion as in seawater. This linear model represented by Eq. (A.3) can be used for a 
salinity range of 0 to 70 g/kg, which is the typical range for most desalination 
applications. For this range, the maximum deviation from the non-linear osmotic pressure 
function (see section A.2) is 6.8%. 
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A.2 Derivation of Nonlinear Osmotic Pressure Function 
From Robinson and Stokes [53], the osmotic pressure for a solution composed of 
multiple solutes can be written as: 
  𝜙(  𝜌  𝑙𝑣𝑒  )∑ 𝑏𝑗𝑗=  𝑙  𝑒  (A.4) 
where ϕ is the osmotic coefficient; R is the universal gas constant; 𝜌  𝑙𝑣𝑒   is the density 
of the solvent, in this case pure water; and 𝑏𝑗 is the molality of the j
th
 solute in the 
solution. The molality of a solution [kg/kg-solvent] written as a function of salinity is 
∑ 𝑏𝑗  
 
(   )
∑
 𝑗
 𝑗
𝑗𝑗=  𝑙  𝑒  (A.5) 
where w is the salinity of the solution, wj is the salinity of the j
th
 solute, and Mj is the 
molar mass of the j
th
 solute with units of kg/mol. A table of seawater constituents, which 
we will call a recipe, is provided by Millero and Leung [54] where the salinity for each 
solute of seawater, wj, is given for a solution of a fixed salinity, w. To use the recipe, we 
note that wj can be scaled with a solution of variable salinity, w, by the following 
expression:  
 𝑗  
   𝑗       
∑  𝑗       𝑗
  (A.6) 
This scaling is substituted into Eq. (A.5) giving 
∑ 𝑏𝑗  
 
(   )
∑
 𝑗       
 𝑗 ∑  𝑗       𝑗
𝑗𝑗=  𝑙  𝑒  (A.7) 
Using the seawater recipe, the summed term on the right side of Eq. (A.7) results in a 
value of 31.841 mol/kg-solvent. 
A correlation for the osmotic coefficient of seawater is given by Sharqawy et al. [55] 
and is valid between 0 and 200
o
C and for salinities between 10 and 120 g/kg. The 
osmotic coefficient for a mixture, as described by Debye-Hückel theory, approaches a 
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value of 1 with decreasing salinity and does so independently of temperature. Literature 
values and correlations of the osmotic coefficient and osmotic pressure for diluted 
seawater with a salinity of 10 g/kg and below which adhere to this proper physical limit 
are difficult to find. Therefore, an extension of the correlation provided by Sharqawy et 
al. [55] is proposed by use of the theoretical expression for the osmotic coefficient given 
in Eq. (A.8), Brønsted’s equation [56]: 
𝜙     √𝑏   𝑏 (A.8) 
This expression is dependent on two constants, κ and λ. To find the value of these 
constants, Eq. (A.5) and its first derivative with respect to salinity are set to equal the 
value of ϕ given by the correlation and its first derivative with respect to salinity at a 
salinity of 10 g/kg, forming two equations with the two constants as unknowns. At 25
o
C, 
the two constants are found to be κ = 0.3484 and λ = 0.3076. The final osmotic coefficient 
function is now set to be a piece-wise function with Eq. (A.5) forming the function for 0 
≤ w < 10 g/kg and the correlation forming the 10 ≤ w ≤ 120 g/kg section. The extended 
osmotic coefficient function and the sum of molalities as a function of salinity, Eq. (A.4), 
provide the osmotic pressure of a stream at a given temperature and salinity. The osmotic 
coefficient, nonlinear osmotic pressure, and linear osmotic pressure are shown as a 
function of salinity in Fig. (A.1). 
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(a) Single-stream heat exchanger 
 
(b) Single-stream osmotic mass exchanger 
Fig. 1 Temperature and pressure variations in a single-stream heat and osmotic 
mass exchanger.  
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Fig. 2 Schematic drawing of a membrane-based RO mass exchanger. 
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Fig. 3 Recovery ratio vs. mass transfer units for contours of osmotic pressure ratio. 
No correction for concentration polarization or nonlinearity in osmotic pressure is 
implemented (β = 1). 
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Fig. 4 Effectiveness vs. mass transfer units for contours of osmotic pressure ratio. No 
correction for concentration polarization or nonlinearity in osmotic pressure is 
implemented (β = 1). 
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Fig. 5 Correction factor β vs. mass transfer units for varying osmotic pressure 
ratios, a feed inlet salinity representative of brackish water, and a representative 
mass transfer coefficient. 
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Fig. 6 Correction factor β vs. mass transfer units for varying osmotic pressure 
ratios, a feed inlet salinity representative of seawater, and a representative mass 
transfer coefficient. 
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Fig. 7 Recovery ratio vs. mass transfer units with contours of osmotic 
pressure ratio for (1) analytical Eq. (13), (2) brackish water with a nonlinear 
osmotic pressure function, and (3) seawater with a nonlinear osmotic 
pressure function 
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Fig. 8 Effectiveness factor vs. mass transfer units with contours of osmotic pressure 
ratio for (1) analytical Eq. (21), (2) brackish water with a nonlinear osmotic pressure 
function, (3) seawater with a nonlinear osmotic pressure function 
 36 
 
Fig. 9 Recovery ratio vs. mass transfer units with contours of osmotic pressure ratio 
for brackish water wf, in = 5 g/kg, and four values of mass transfer coefficient 
including the effects of concentration polarization and osmotic pressure 
nonlinearity. 
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Fig. 10 Recovery ratio vs. mass transfer units with contours of osmotic pressure 
ratio for seawater wf, in = 35 g/kg, and four values of mass transfer coefficient 
including the effects of concentration polarization and osmotic pressure 
nonlinearity.
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Fig. 11 Comparison of recovery ratios from measured empirical data and the 
present numerical model. 
 39 
 
Fig. A.1 Seawater osmotic coefficient and osmotic pressures versus salinity for a 
fixed temperature shown as solid and dashed curves, respectively. The osmotic 
coefficient curve and nonlinear osmotic pressure curves are extrapolated for 
salinities greater than 120 g/kg and these sections are shown as bold dashed lines. 
The linear osmotic pressure curve is solid and bolded. 
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Table 1. Data input for numerical model 
Input Value / Range 
Temperature, T 25 °C 
Modified water permeability coefficient, A 3.61×10
-6
 kg/m
2
-s-kPa 
Feed mass flow rate, ̇      1 kg/s 
Inlet feed salinity,       5, 15, 35, and 45 g/kg 
Mass transfer coefficient, k 3×10
-5
 m/s 
Trans-membrane pressure difference, P 0.4 – 33.8 MPa 
Membrane area, Am 0 – 3.46×10
3 
m
2
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Table 2. Correction factor for wf, in = 5 g/kg inlet salinity 
MTU 
  for indicated osmotic pressure ratios,           
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 
 
0 1.448 1.180 1.101 1.064 1.042 1.028 1.018 1.010 1.005 
 
0.2 1.435 1.172 1.095 1.059 1.038 1.025 1.016 1.009 1.004 
 
0.4 1.419 1.162 1.088 1.053 1.034 1.022 1.013 1.008 1.003 
 
0.6 1.399 1.150 1.080 1.047 1.030 1.019 1.011 1.006 1.003 
 
0.8 1.370 1.136 1.070 1.041 1.025 1.015 1.009 1.005 1.002 
 
1 1.326 1.118 1.060 1.034 1.021 1.012 1.007 1.004 1.001 
 
1.2 1.255 1.097 1.049 1.028 1.016 1.009 1.005 1.003 1.001 
 
1.4 1.155 1.072 1.038 1.021 1.012 1.007 1.004 1.002 1.001 
 
1.6 1.080 1.049 1.028 1.016 1.008 1.004 1.002 1.001 1.000 
 
1.8 1.056 1.031 1.019 1.011 1.005 1.002 1.001 1.000 1.000 
 
2 1.050 1.021 1.013 1.007 1.003 1.001 1.000 0.999 1.000 
 
2.2 1.049 1.016 1.009 1.004 1.001 0.999 0.999 0.999 0.999 
 
2.4 1.049 1.014 1.006 1.002 0.999 0.998 0.998 0.998 0.999 
 
2.6 1.049 1.013 1.004 1.000 0.998 0.997 0.997 0.998 0.999 
 
2.8 1.049 1.013 1.004 1.000 0.997 0.996 0.997 0.998 0.999 
 
3 1.049 1.013 1.003 0.999 0.997 0.996 0.997 0.998 0.999 
 
3.2 1.049 1.013 1.003 0.999 0.996 0.996 0.996 0.997 0.999 
 
3.4 1.049 1.013 1.003 0.998 0.996 0.995 0.996 0.997 0.999 
 
3.6 1.049 1.013 1.003 0.998 0.996 0.995 0.996 0.997 0.998 
 
3.8 1.049 1.013 1.003 0.998 0.996 0.995 0.996 0.997 0.998 
 
4 1.049 1.013 1.003 0.998 0.996 0.995 0.996 0.997 0.998 
 
4.2 1.049 1.013 1.003 0.998 0.996 0.995 0.995 0.997 0.998 
 
4.4 1.049 1.013 1.003 0.998 0.996 0.995 0.995 0.997 0.998 
 
4.6 1.049 1.013 1.003 0.998 0.996 0.995 0.995 0.997 0.998 
 
4.8 1.049 1.013 1.003 0.998 0.996 0.995 0.995 0.997 0.998 
 
5 1.049 1.013 1.003 0.998 0.996 0.995 0.995 0.997 0.998 
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 Table 3. Correction factor for wf, in = 15 g/kg inlet salinity 
MTU 
  for indicated osmotic pressure ratios,           
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 
 
0 2.613 1.563 1.302 1.186 1.121 1.079 1.050 1.029 1.013 
 
0.2 2.559 1.543 1.290 1.177 1.114 1.074 1.047 1.027 1.012 
 
0.4 2.495 1.520 1.275 1.167 1.107 1.069 1.043 1.025 1.011 
 
0.6 2.417 1.491 1.259 1.156 1.100 1.064 1.040 1.023 1.010 
 
0.8 2.319 1.457 1.239 1.144 1.092 1.059 1.037 1.021 1.009 
 
1 2.195 1.415 1.218 1.131 1.083 1.053 1.033 1.019 1.008 
 
1.2 2.036 1.365 1.194 1.117 1.075 1.048 1.030 1.017 1.007 
 
1.4 1.834 1.309 1.168 1.103 1.067 1.043 1.027 1.015 1.007 
 
1.6 1.606 1.250 1.143 1.090 1.059 1.038 1.024 1.014 1.006 
 
1.8 1.417 1.196 1.119 1.077 1.052 1.034 1.022 1.013 1.005 
 
2 1.313 1.154 1.098 1.066 1.045 1.030 1.019 1.011 1.005 
 
2.2 1.270 1.126 1.082 1.057 1.039 1.027 1.017 1.010 1.005 
 
2.4 1.254 1.110 1.070 1.049 1.035 1.024 1.016 1.009 1.004 
 
2.6 1.249 1.101 1.062 1.043 1.031 1.021 1.014 1.008 1.004 
 
2.8 1.247 1.096 1.057 1.039 1.028 1.019 1.013 1.008 1.003 
 
3 1.246 1.094 1.053 1.036 1.025 1.018 1.012 1.007 1.003 
 
3.2 1.246 1.093 1.051 1.034 1.023 1.016 1.011 1.007 1.003 
 
3.4 1.246 1.092 1.050 1.032 1.022 1.015 1.010 1.006 1.003 
 
3.6 1.246 1.092 1.049 1.031 1.021 1.015 1.010 1.006 1.003 
 
3.8 1.246 1.092 1.049 1.030 1.020 1.014 1.009 1.006 1.003 
 
4 1.246 1.092 1.048 1.030 1.020 1.013 1.009 1.005 1.002 
 
4.2 1.246 1.092 1.048 1.029 1.019 1.013 1.009 1.005 1.002 
 
4.4 1.246 1.092 1.048 1.029 1.019 1.013 1.008 1.005 1.002 
 
4.6 1.246 1.092 1.048 1.029 1.019 1.012 1.008 1.005 1.002 
 
4.8 1.246 1.092 1.048 1.029 1.019 1.012 1.008 1.005 1.002 
  5 1.246 1.092 1.048 1.029 1.019 1.012 1.008 1.005 1.002 
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 Table 4. Correction factor for wf, in = 35 g/kg inlet salinity 
 
     MTU 
  for indicated osmotic pressure ratios,           
0.3 0.4 0.5 0.6 0.7 0.8 0.9 
 
0 1.676 1.406 1.259 1.168 1.106 1.061 1.027 
 
0.2 1.648 1.388 1.247 1.159 1.100 1.057 1.025 
 
0.4 1.617 1.369 1.234 1.150 1.094 1.054 1.023 
 
0.6 1.584 1.348 1.220 1.141 1.088 1.050 1.022 
 
0.8 1.548 1.326 1.206 1.132 1.082 1.047 1.020 
 
1 1.509 1.303 1.192 1.123 1.076 1.043 1.019 
 
1.2 1.468 1.279 1.177 1.114 1.071 1.040 1.018 
 
1.4 1.425 1.255 1.163 1.105 1.066 1.037 1.016 
 
1.6 1.381 1.232 1.149 1.096 1.061 1.035 1.015 
 
1.8 1.339 1.209 1.135 1.088 1.056 1.032 1.014 
 
2 1.300 1.188 1.123 1.081 1.051 1.030 1.013 
 
2.2 1.265 1.169 1.112 1.074 1.047 1.028 1.012 
 
2.4 1.236 1.152 1.102 1.068 1.044 1.026 1.011 
 
2.6 1.212 1.138 1.094 1.063 1.041 1.024 1.011 
 
2.8 1.194 1.127 1.086 1.058 1.038 1.022 1.010 
 
3 1.181 1.118 1.080 1.055 1.036 1.021 1.009 
 
3.2 1.172 1.111 1.075 1.051 1.033 1.020 1.009 
 
3.4 1.165 1.106 1.071 1.048 1.032 1.019 1.008 
 
3.6 1.160 1.102 1.068 1.046 1.030 1.018 1.008 
 
3.8 1.157 1.099 1.066 1.044 1.029 1.017 1.008 
 
4 1.155 1.097 1.064 1.043 1.028 1.016 1.007 
 
4.2 1.153 1.095 1.062 1.042 1.027 1.016 1.007 
 
4.4 1.152 1.094 1.061 1.041 1.026 1.015 1.007 
 
4.6 1.152 1.093 1.060 1.040 1.026 1.015 1.007 
 
4.8 1.151 1.092 1.060 1.039 1.025 1.015 1.007 
  5 1.151 1.092 1.059 1.039 1.025 1.014 1.006 
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 Table 5. Correction factor for wf, in = 45 g/kg inlet salinity 
 
 
 
   MTU 
  for indicated osmotic pressure ratios,           
0.3 0.4 0.5 0.6 0.7 0.8 0.9 
 
0 1.838 1.501 1.319 1.206 1.129 1.074 1.033 
 
0.2 1.804 1.480 1.305 1.196 1.123 1.070 1.031 
 
0.4 1.768 1.457 1.290 1.186 1.116 1.066 1.029 
 
0.6 1.729 1.434 1.274 1.176 1.110 1.062 1.027 
 
0.8 1.687 1.408 1.258 1.165 1.103 1.058 1.025 
 
1 1.643 1.382 1.242 1.155 1.096 1.055 1.024 
 
1.2 1.597 1.356 1.225 1.145 1.090 1.051 1.022 
 
1.4 1.550 1.329 1.209 1.135 1.084 1.048 1.021 
 
1.6 1.501 1.302 1.193 1.125 1.078 1.045 1.020 
 
1.8 1.454 1.277 1.178 1.116 1.073 1.042 1.018 
 
2 1.409 1.252 1.164 1.107 1.068 1.039 1.017 
 
2.2 1.368 1.230 1.151 1.099 1.063 1.037 1.016 
 
2.4 1.333 1.211 1.139 1.092 1.059 1.034 1.015 
 
2.6 1.303 1.194 1.129 1.086 1.055 1.032 1.014 
 
2.8 1.279 1.179 1.120 1.081 1.052 1.030 1.014 
 
3 1.260 1.168 1.113 1.076 1.049 1.029 1.013 
 
3.2 1.246 1.158 1.106 1.072 1.046 1.027 1.012 
 
3.4 1.235 1.151 1.101 1.068 1.044 1.026 1.012 
 
3.6 1.227 1.145 1.097 1.065 1.042 1.025 1.011 
 
3.8 1.222 1.141 1.094 1.063 1.041 1.024 1.011 
 
4 1.218 1.137 1.091 1.061 1.039 1.023 1.010 
 
4.2 1.215 1.135 1.089 1.059 1.038 1.022 1.010 
 
4.4 1.213 1.133 1.087 1.058 1.037 1.022 1.010 
 
4.6 1.211 1.131 1.086 1.057 1.036 1.021 1.009 
 
4.8 1.210 1.130 1.085 1.056 1.036 1.021 1.009 
  5 1.210 1.130 1.084 1.055 1.035 1.020 1.009 
